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The associated bundle
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The many faces of connections

TeE

M

E

Tπ(e)M

VeE

HeE

v

η(e, v)

η(e, •)

v ′

σ∗(v ′)

σ∗

w
θ(w) = wV

wH

θ

j1π(e)σ = ω(e)

π(e)

e

0

0

π π∗τ

χ

Manuel Hohmann (University of Tartu) Geometry, gravity and spin Ronin Institute - 21.02.2023 6 / 17



A hamster’s perspective on Cartan geomeetry

• Cartan geometry: view from inside a Hamsster ball.
• All possible motions of the hamster: group G.
• Motions which will not move the ball: subgroup H ⊂ G.
• Cartan connection A connects motions of hamster and ball.
• Cartan curvature: difference between ball and surface geometry.

F = dA +
1
2
[A,A] .
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Charged particle in gauge theory

• Ingredients of the theory:
◦ Lie group K with Lie algebra k.
◦ Lie algebra generators (basis) TA and structure constants fAB

C :

[TA,TB] = fAB
CTC . (1)

◦ Bilinear form βAB = β(TA,TB) .
◦ Representation ρ of G inducing linear map za 7→ ρa

bAX Azb.

• Dynamical variables in the theory:
◦ Gauge field AA

µ with field strength F = DA:

F A
µν = ∂µAA

ν − ∂νAA
µ + AB

µAC
ν fBC

A . (2)

◦ Particle at xµ, velocity yµ = ẋµ, isospin za.
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Particle motion in field theories

1. Geodesic motion in general relativity:
◦ Geodesic equation depends on connection coefficients Γµνρ:

ẍµ + Γµνρẋν ẋρ = 0 . (3)

◦ First order formulation with velocity coordinate yµ = ẋµ:

ẋµ = yµ , ẏµ = −Γµνρyνyρ . (4)

2. Charged particle in Yang-Mills (non-abelian gauge) theory:
◦ Internal degree of freedom:

ża = −ρa
bAAA

µzbyµ . (5)

◦ Force equation depending on curvature F = DA?

ẏµ =? (6)

⇝ Formal similarities - common geometric description?
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ẏµ =? (6)

⇝ Formal similarities - common geometric description?
Manuel Hohmann (University of Tartu) Geometry, gravity and spin Ronin Institute - 21.02.2023 10 / 17



Unified ansatz in Cartan geometry

1. Geodesic motion in general relativity:
◦ Spacetime manifold M with Lorentzian metric g.
◦ Orthonormal frame bundle P0 is principal H0-bundle, H0 = SO(1,3).
◦ Tangent bundle TM = P0 is associated to P0.
◦ Γµνρ induces Cartan connection on P.

⇒ Cartan geometry with model G0/H0 on P.

2. Include internal degrees of freedom:
◦ Enlarge model geometry to G/H with G = G0 × K and H = H0 × K .
◦ Cartan connection A is g-valued 1-form on H-bundle P.
◦ A splits into solder form, Levi-Civita & gauge connections.
◦ Associated bundle E = TM ×M F includes velocity and isospin.

⇝ Combined description:
◦ Field theory combines Palatini and Yang-Mills Lagrangians.
◦ Particle equation of motion from Lagrangian with gauge coupling.
◦ Particle trajectories as Integral curves of combined vector field.
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Aside: time translation in Finsler-Cartan geometry

• Consider the fundamental vector field

t = A(Z0) = f a
0 ∂a − f a

j Nb
a∂̄

j
b ⇔ ωi

j(t) = 0 , ei(t) = δi
0 .
(7)

• Integral curve Γ : R → P, λ 7→ (x(λ), f (λ)) of t.

• From ei(t) = δi
0 follows:

ẋa = f a
0 . (8)

⇒ (x , f0) is the canonical lift of a curve from M to O.
• From ωi

0(t) = 0 follows:

0 = ḟ a
0 + Na

bẋb = ẍa + Na
bẋb . (9)

⇒ (x , f0) is a Finsler geodesic.
• From ωα

β(t) = 0 follows:

0 = ḟ a
α + f b

α

(
ẋcF a

bc + (ẋdNc
d + ḟ c

0 )C
a

bc

)
= ∇(ẋ ,ḟ0)

f a
α . (10)

⇒ Frame f is parallely transported.
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bẋb = ẍa + Na
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bẋb = ẍa + Na
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α + f b

α

(
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d + ḟ c
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From Stelle-West to MacDowell-Mansouri

• Stelle-West action uses g-valued curvature form F AB:

S =

∫
M
ϵABCDEyAF BC ∧ F DE . (11)

• Symmetry breaking: (ya) = (y0, y1, y2, y3) = (0,0,0,0), y4 = 1.
⇒ MacDowell-Mansouri action contains only h-valued part F ab:

S =

∫
M
ϵabcdF ab ∧ F cd . (12)

• Cartan curvature F ab = Rab + ea ∧ eb gives Palatini action.
• Idea: symmetry breaking field yA = Ψ̄ΓAΨ with higher spinor Ψ?
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Dirac-Cartan-Higgs action and symmetry breaking
• Ingredients:

◦ Spin groups Ḡ and H̄: double covers of G and H.
◦ Spin frame bundle P̄ is principal H̄ bundle.
◦ Right action of H̄ on Ḡ yields principal Ḡ-bundle Q̄ = P̄ ×H̄ Ḡ.
◦ Levi-Civita connection gives Ehresmann connection ÃAB on Q̄.
◦ “Higher” spinor Ψ: section of bundle associated to Q̄.
◦ Dirac matrices ΓA acting on Ψ.

• Construction of Dirac-Cartan-Higgs action:
◦ Exterior covariant derivative of higher spinor:

DΨ = dΨ+
1
8

ÃAB ∧ [ΓA, ΓB]Ψ . (13)

◦ Dirac-Cartan operator:

/DΨ = ρ([EA,EB])ÃAB
¬ DΨ . (14)

◦ Dirac-Cartan-Higgs action:

L = Ψ̄/DΨ+ mΨ̄Ψ− λ(Ψ̄Ψ)2 . (15)
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Sketch

• Lorentz group H contains rotation subgroup K ⊂ H.
• Principal bundle P of frames reduces to K -bundle.
• Base space: “observer space” O of normalized velocities.
• Transition to spin groups Ḡ, H̄, K̄ .
• Cartan connection contains k-valued part.
⇒ Ashtekar variables.
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